ABSTRACT. The exact solution of the uncoupled thermoelasticity problem for a semi-infinite elastic layer with regard to its proper weight was constructed. The originality of the proposed paper is based on reducing Lame equations to two jointly and one separately, solvable equations. It allows the application of integral transformations directly to the transformed equations of equilibrium and makes it possible to reduce the initial problem to a one-dimensional vector boundary problem. A special technique is given to calculate multiple integrals containing oscillating functions that appear during the inversion of the transforms. The character of the temperature and proper weight influence on the value of normal stress on the lateral face of the semi-infinite layer, the zone of tensile stress depending on the shapes of the distributed load section and the temperature and Poisson's ratio is established. The parameters of dimensionless mechanical load and temperature, when the separation of the side wall of the semi-infinite layer can be eliminated, were established. A study of the influence of the layer's proper weight on the stress emerging on the layer's edge is conducted. The constructed exact solution can be used as a model for solving a similar class of problems by numerical methods.
INTRODUCTION
number of methods of three-dimensional problem studies in elasticity are based on representations of homogeneous Lame equation solutions using harmonic and biharmonic functions. Such representations were given by J. V. Boussinesq, W. Thomson (Lord Kelvin), and P. G. Tait [1] where the possibility of reducing the number of harmonic functions to three was also considered. B. G. Galerkin presented the general solution of homogeneous equilibrium equations for an isotropic body through three biharmonic functions. In the works of P. F. Papkovich [2] and H. Neuber [3] a solution form containing four harmonic functions reducing the Lame equations to a harmonic sequence with unshared boundary conditions was proposed.
A Using functions of a complex variable and integrals of Cauchy type in monographs G.V. Kolosov [4] and I. I. Muskhelishvili [5] developed an effective method for solving plane boundary problems of elasticity, which later became classical. Although this method is not directly applicable to the spatial problems of elasticity, the apparatus of functions of a complex variable is also used in solving problems of this class. So, G. N. Polozhii [6] proposed a method for solving axisymmetric spatial problems in elasticity, it involves using two P-analytic functions and is an analog of KolosovMuskhelishvili's complex potential method. Another way to investigate three-dimensional problems is the method of integral equations, with its help, the existence and unique theorems for the solution of boundary value problems can be proved. This method often serves as a basis for developing algorithms for the numerical solution of elasticity problems. The monograph [7] is devoted to the method of integral equations. The method of integral transforms is widely used in spatial problems of elasticity. With the help of the corresponding integral transform, a transition is made to a simpler problem in the domain of transforms. An extensive bibliography of papers on the use of this method in problems of elasticity theory is given in the monograph by Ya. S. Uflyand [8] . Thus, the above methods, using different representations' solutions through auxiliary harmonic and biharmonic functions, which, on one hand, facilitated solving in terms of these functions, but on the other hand it causes difficulties during the calculation of the original functions These difficulties in itself present a complex mathematical problem. One of the basic methods to construct an exact solution for spatial problems of elasticity is the Fourier method, which is based on the use of curvilinear orthogonal coordinate systems that allow the separation of variables in the threedimensional Laplace equation for static problems. One notes that solutions obtained by the Fourier method are the initial steps to construct solutions for problems of finite bodies bounded by surfaces described by canonical coordinate systems. Using the method of variable separation demands different representations of the equilibrium equations solutions through the stress functions. With the help of such representations, the original problem is reduced to solving differential equations of a simpler structure. Each stress function in these equations is not related to the others, but it is presented in the boundary conditions together with the others. The solution in the form of Papkovich -Neuber is used most often, because it allows the application of classical solutions of the potential theory by solving boundary value problems, represented in the form of series and integrals containing special functions. Another way to investigate spatial problems is the method of eigenvector functions, which is a vector analog of the Fourier method, this was proposed in [9] . It involves the construction of vector structure eigen functions on the boundary surface of the bodies. With the help of this method, solutions were obtained for complex three-dimensional problems of elasticity. In paper [10] a method of two-dimensional singular equations for three-dimensional problems of stationary thermal conductivity and thermoelasticity for bodies with cracks was developed, and several problems for a semi-infinite body with cracks were solved. A new approach proposed by G. Ya. Popov in [11] is used in this paper. The method is based on reducing Lame equations to one independently solvable and two jointly solved equations. Moreover, the boundary conditions are also separated, which greatly simplifies the calculation technique in comparison with traditional methods. By the method of integral transforms applied directly to the transformed equations of equilibrium and the boundary conditions of the initial stated problem, one reduces it to a one-dimensional vector boundary value problem, which is solved exactly. The problem of elasticity for a quarter space was solved with this method in [12] . The elastic layer, as an important and frequently used model object, has been studied by many authors. Thus, in a static formulation, the axisymmetric contact problems for an elastic layer and strip are considered in [13] [14] [15] , various mixed boundary-value thermoelasticity problems for a half-layer and a half-space in [16] [17] [18] [19] [20] [21] [22] [23] , layers with thermal loadings were considered in [24] with no static loading, where the conformal mapping method was used, dynamic problems were investigated in [25] [26] [27] . The papers [28, 29] are devoted to solving elasticity problems for bodies with their proper weight. In paper [30] the authors investigated the propagation of thermoelastic waves through the layers and analyzed the importance of thermally nonlinear generalized thermoelastic analysis. In [31] the size-dependent quality factor of thermoelastic damping in a microbeam resonator, based on modified strain gradient elasticity was analyzed. The generalized thermoelasticity theory of the Lord-Shulman model was used to derive the equation of coupled thermoelasticity. The paper [32] is devoted to study functionally graded nanodisks under thermoelastic loading based on the strain gradient theory, where the effects of external load at the inner and outer radii on radial displacement as well as stress components were considered. In [33] the influence of measurement errors on the accuracy of the estimated heat flux and mechanical load on laminated functionally graded plate was investigated. Thermo-elasticity problems of functionally graded materials were evaluated in [34] . In [35] an exact solution for thermoelastic deformations of functionally graded thick rectangular plates was derived. The contact problem of two semi-infinite Kirchhoff plates on the elastic layer is considered in [36] . The contact stresses concentrations between the plates and the layer was studied, as it can induce destruction of the engineering structure. The advances in the use of thermoelastic stress analysis for fracture mechanics assessment were reviewed in [37] . The development of techniques to determine stress intensity factor was presented, followed by the application of these techniques to fatigue crack growth. The work [38] investigates the behavior of a Transvers Crack Tensile specimen undergoing fatigue loading, by means of a Thermoelastic Stress Analysis experimental setup. The information on the stress distribution settling near the crack tips and its evolution with crack growth under fatigue is provided. A review of the above papers shows that the problem of constructing an exact solution for problems of an elastic layer remains open, despite the variety of methods and in particular numerical solutions. The results obtained, based on the exact solution of the spatial problem can be used as the basis for solving problems by approximate numerical methods. This dictates an increasing interest in the development of analytical methods to solve three-dimensional elasticity problems and in particular for a layer as the most important model object. The purpose of this paper is to establish the changes in the fields of displacements and stress of the semi-infinite elastic layer for the effects of different types of loading, in particular temperature, mechanical loads and proper weight. Earlier in paper [16] , the problem of stationary heat conduction and the elasticity problem for a layer were solved separately. It was stated that using this technique makes it is possible to solve the problem of uncoupled thermoelasticity, which was accomplished in this work. Solving this task requires use of the Green function apparatus, moreover, the Green matrix function, which has not been used for the problems of this type. The proposed work consists of a new approach that makes it possible to obtain an exact solution of mixed uncoupled thermoelasticity, which can be also applied to solve analogical problems with much more complicated boundary conditions.
THE STATEMENT OF THE MIXED UNCOUPLED THERMOELASTICITY PROBLEM
et's consider the elastic semi-infinite layer (Fig. 1) occupying the area
, , x y z are the Cartesian's coordinate system The conditions of an ideal contact are given at the layer's edge  0 x and at the lower face  0 z -by this, the authors mean frictionless contact conditions. At the same time, these faces are thermo-isolated. The known temperature ( , , ) T x y z , found earlier from the corresponding thermoconductivity problem, and pressure load ( , ) p 
The final solution of the stated conductivity problem (7-9) is presented in the form (12) is given in the Appendix 1. An important property
was obtained based on solution (12) and will be used for calculating stress at the corner point of a layer. A more detailed derivation of the formula (13) is given in Appendix 2. The next step is to find the solution of the problem for the elastic layer            , , 0 x y z h under its proper weight.
THE DERIVING OF NORMAL STRESS WITH REGARD TO ITS PROPER WEIGHT
o solve this problem, the displacements    u , v , w will be searched as the function depending on the variable z
Because of problem's symmetry one can take     u 0, v 0. Hence, the tangent stress  0 xy . That's why the displacements were taken in the form (14) , the boundary condition of the ideal contact (3) 
where   / , z z q G q is the weight of an elastic material,
The face  z h is supposed free of stress
The lower face  0 z is in ideal contact conditions
Finally, one gets the boundary problem
The solution has the form
Hence, the stress   x for the layer with regard to its proper weight is constructed
The solution of the initial stated problem (2-5) will be searched in the form
Here  u( , , ),v( , , ),w( , , ), ( , , ) (2) can be written in the vector form
. The boundary conditions are
Let's reformulate the boundary conditions (19) in terms of displacements, taking into consideration well known formulas connecting the displacements and stresses [20] 
The idea is to reduce the Lame's equations (18) to one independently and two simultaneously solving equations, subjected by separated conditions (20) . The unknown functions
are input accordingly to [11] . The Lame's equations system (18) is separated on the system of two equations 
In the domain of Fourier's transforms (the cosine transform with regard to the variable x and full Fourier transform with regard to the variable y) one can derive two boundary problems. First, it is formulated for the unknown function 
here 2 L is the differential operator of second order 
The solution of the problem (24) is searched in the form [37] 
where
are the basis matrices.
THE CONSTRUCTION OF THE MATRIX FUNDAMENTAL SOLUTION SYSTEM, THE MATRIX BASIC SOLUTION SYSTEM, THE FUNDAMENTAL MATRIX AND GREEN MATRIX FUNCTION
ccording to [39] the basic matrices are the solutions of the boundary matrix problems
The basic matrices are constructed in the form
are the matrix fundamental solutions of the homogeneous equation (26) correspondingly decreasing and increasing in infinity. The algorithm of fundamental solutions  ( ) z Y derivation is described in [37] , where the method of fundamental matrix equation is also indicated. According to this approach, the solution is searched as the contour integral [39, 40] 
where contour C covers all poles of the matrix
is a union matrix. With the help of the residual theorem, one derives 
Using that coefficient near the same exponents should be equal, the matrixes
As a result, the fundamental matrix system is derived
The unknown constant matrices  0 1 , , 0,1
are shown in Appendix 3. The basic matrices are expressed by the formulas after transformations
Nh. The components of the matrix (28) are shown in Appendix 4. The expression for Green's matrix function is proposed in [39] 
is a fundamental matrix of the corresponding homogeneous equation (26) . For the construction of the fundamental matrix  ( , ) z Φ , let's continue the function ( ) y z on all the real axes and apply the Fourier integral transform
The same transform (30) should be applied to the equation in (24)
Hence, one derives
After the inverse integral Fourier transform the correspondence for ( ) y z is obtained
According to the fundamental matrix definition, this matrix is
Or after changing the variable    s i , the matrix has the form
here  C are the closed contours that cover the poles   s N or   iN . The residuals at   iN and   iN are correspondingly equal 
The matrices  Φ are searched with the help of the matrices (32)
After substitution of the expressions (33) into the equations (34), uniting these results, the fundamental matrix is constructed in the form
According to the formula (29) the Green's matrix has the form
where components   ( ) , , 1 
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DERIVING THE DISPLACEMENTS AND STRESS FORMULAS IN THE TRANSFORM DOMAIN AND THEIR

INVERSION
o, the transformation of the solution is constructed in the form of superposition
In detail, the inversion of the Fourier transform for terms of the form (39) is described using the example of the term 
Further, using formula (A3) in the Appendix 1, correspondence (41) can be written as
D sh t t
Applying the procedure for calculating multiple integrals of the Bessel function to internal integral, one gets
were used to find the originals of the displacements 2 2 u ( , , ), v ( , , ) x y z x y z So,
By analogy, it was found Let's consider the terms containing the integrals in (37) . Using the solution of the stationary thermal conductivity problem (10), the temperature transformation and its derivative are written in the form
After substitution of this transform into (40), the formula for where the temperature is defined on a finite interval and supposed to be constant C .
Further, after changing the order of integration, and calculating the double integral of the Bessel function, the integral is represented in the form
The expression for displacement 3 v ( , , ) x y z can be constructed by analogy. The expressions (38) correspond to the solution of the problem of a semi-infinite layer loading. The normal stress is constructed by the formula [20] in the form
The final solution of the initially stated uncoupled thermoelasticity problem for a semi-infinite layer with its proper weight was derived in the form 
DISCUSSION AND NUMERICAL RESULTS
uring the calculations, two types of materials were selected: Copper − µ = 1/3, G = 44. Table 3 : Normal stress along the axis z It can be seen from analysis of these tables that the separation of the layer from the rigid wall arises in the case of the size  2 B
A. This case corresponds to the distribution of temperature and loading elongated along the y axis by a rectangular spot. Here the stresses are higher for the case of Poisson's value µ=1/4. The influence of loading begins to have a significant effect on the absolute value of the stress at about 2 / 3 of the layer h height. This pattern can be traced for any shape of the loading area and Poisson's ratio.
The investigation of the loading spot's shape was provided with the aim to establish what ratio of length and width causes the maximal value of normal stress. It was established that maximal stress, equal to 0.7276 , arises on the side wall of the layer as a result of the mutual action of the distributed load and proper weight of the layer. It has place in the case when the load is distributed along a rectangle elongated along the axis x , when   1/ 3 . The maximal value, equal to 0.9971, the stress reaches when  / 4 B A , when the load, temperature influence and proper weight are taken into account, i.e. the stress practically becomes equal to the acting load. In all cases it is clear that taking into account the proper weight of the layer reduces the values of the compressive normal stresses on the side wall. The combined influence of temperature and external load increases the stress on the lateral face of the layer compared with the case when only the external mechanical action is taken into account.
CONCLUSIONS
he proposed new method, based on the Green's matrix function apparatus, made it possible to obtain the exact solution of the uncoupled thermoelasticity problem for a semi-infinite layer taking into account its proper weight. The engineering computational formulas for the displacements and stress of the layer were obtained and the T mechanical characteristics that arise at certain ratios of the distribution spot, where mechanical loading and temperature are acting, were revealed. The resulting formulas can be used as models for estimating the validity of the new approximate numerical methods to solve mechanical problems. The analysis of the calculations establishes the geometrical parameters of the loading spots shape sections, when the effect of the layer's edge separation from the wall is observed. It was found that the appearance of the tensile stress is sufficiently dependent on each material from the shape of the loading spot. It was also revealed at what values of the Poisson's ratio the separation of the layer's wall is observed and the problem's statement becomes incorrect. It was determined that taking into account the layer's proper weight reduces the stress values. The presence of temperature load increases the value of stress in comparison with the case, when only a mechanical load is applied. The analyses of stress for different shapes of the loading spots as with, so and without layer proper weight indicates that maximal the value of the stress is observed when the shape of loading spot is quadratic. It should be emphasized that the frictionless contact conditions at the layer's edge made it possible to obtain an exact solution of the problem. In the case when the edge is rigidly fixed to the wall, the initial problem is reduced to an integral singular equation. The developed methodology allows a number of extensions. This approach can be used to solve a wider class of problems, when different boundary conditions are fulfilled on the faces of the layer or when the load is nonstationary one. Analysis of some cases of steady-state loading is already in progress. operators is changed at (11) . To calculate the integrals exactly, the formula (1.314(3), [41] ) is used Let's consider the internal integrals at formula (A1). One must use the fact that function   ( , ) f is the even one and to use Euler's formula. After some additional transforms the solution of the boundary value problem (7-9) is written as 
where 0 ( ) J t is a Bessel's function of the first kind. With regard of formula (A3), the solution (A2) will be transformed
where If at the boundary condition (9) one takes   , f C C is constant, then exact solution of boundary value problem (7) (8) (9) will be obtained
Let's simplify the internal integral at the equality (A5), using the known integral representation of Bessel function [42]   
where Based on the quadrature formula of the highest degree of accuracy, one can obtain for (A6)
are zeros of the Chebyshov polynomials of the first kind. So, after substitution we get
APPENDIX 2. DERIVING THE FORMULA (13)
For the analysis of the reliability of the calculations, we perform a test based on the obtained formula (12) for the fulfillment of the boundary condition of the problem. To this end, we consider the temperature (12) in the corner point of the layer
Using the formula (3.741(1), [41] )
We note that when  0 m
To calculate with this formula, an essential condition is the requirement  m n, i.e     A B Taking into account formula (A9), we get
If N -is an even number, then proceeding from the properties of the logarithm, the expression for the temperature (A10) takes the form
Here we use the property of zeros of the Chebyshev polynomial:
,…, i.е. there are exactly N roots, arranged symmetrically in the gap  ( 1,1) . It can be noted that when N -is odd, there will be a root
leads to a singularity in formula (A10). For this case we consider the passage to the limit
Using the Lopital rule, we have
Let us consider three cases of local temperature distribution over sections of different sizes:
. For the case when the number of nodes N in the formula (A10) was chosen equal to N = 70 аnd the constant of the temperature С = 1, for three cases, the temperature at the corner point of the layer was equal to:
998545. The reliability of the results obtained was verified on the basis of formula (3.364(2), [41] ). We can justify the result directly, considering the boundary condition (9) of the problem. Proceeding from the applied integral transformations, one can find the transformation of the given function 
